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Abstract 
The problem of construction of a nonorientable triangular embedding of the graph K,  - K 2, 
n - 8(rood 12), n >/ 1, was posed in the course of the proof of the Map Colour Theorem, but it 
remained an open problem. In this paper the embedding is constructed. 
1. Introduction 
A graph is said to be triangularly embeddable into a given compact nonorientable 
surface if it is isomorphic to the 1-skeleton of a polyhedron on the surface, all of whose 
faces are triangles. The graph K. -  Kz  is the complete graph K, with one arc 
removed. 
One of the outstanding results in graph theory in the 1960s was the calculation by 
Ringel and Youngs et al. of the genus of complete graph, thereby establishing the Map 
Colour Theorem. Because of the arithmetic restrictions, in the nonorientable case this 
calculation can be reduced [3] to the two following problems: 
(a) To prove that there exists a nonorientable triangular embedding of K, for every 
n = 0 or l(mod3), (n >~ 6, n :~ 7), 
(b) To prove that there exists a nonorientable triangular embedding of K, - K 2 for 
every n -- 2(mod 3), (n ~> 5). 
The problems (a) and (b) for n =-2, 5, or 11 (mod 12) were solved (see [-3]). The 
problem (b) for n - 8 (mod 12) remained unsolved, so another method of calculation 
of the genus of complete graph was used in this case. 
It was shown [2] that a nonorientable triangular embedding of Ks - Ke does not 
exist. In his book [3, Section 5.3] Ringel points out that most likely it is very difficult 
to find a nonorientable triangular embedding of K lzs + 8 -- K2, s ~> 1. The aim of this 
paper is to construct his embedding. 
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2. The index two cascade F(s) 
We use the powerful method of current graphs. The solution given here employes 
the principles and terminology from [3]. We assume the reader is familiar with the 
theory of index 2 current graphs and the theory of cascades [3, Chs. 8,9]. The 
following designations for the subsets of the set of the elements of Z12s+6 (the cyclic 
group of integers modulo 12s + 6) are used: 
~¢o(S) = {2,4,6 .... ,12s + 4), d~(s)  = {1,3,5 . . . . .  12s + 5}. 
The construction involves what is known as an index 2 cascade. This cascade is 
designated as F(s)  and it is a current graph satisfying the following construction 
principles: 
(C1) The current graph has two vertices of valence two and the remainder with 
valence three. 
(C2) A value (current) from Z~2s+6 is assigned to each arc. The letters x and y are 
assigned, respectively, to the two vertices of valence 2. 
(C3) The given rotation induces exactly two circuits, [0] and [1-]. 
(C4) The log of each circuit contains each element of Z12s÷6 except 0 and each of 
the letters x and y exactly once. 
(C5) At each vertex of valence 3, Kirchhoff's current law (KCL) holds. 
In other words the sum of the currents on the arcs directed towards the 
vertex, minus the sum of the currents on the arcs directed away from the vertex is 
0 in Z12s+ 6. 
(C6) At each vertex of valence 2, the sum of the currents on the arcs directed 
towards the vertex, minus the sum of the currents on the arcs directed away from the 
vertex is a generator of the subgroup (2)  of Zl2s+ 6. 
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(C7) If the same circuit traverses an arc twice the current on the arc belongs to 
do(S). If both circuits traverse an arc the current on the arc belongs to ~4L(s). 
(C8) Some arcs are broken. The two ends of a broken arc are directed either both 
toward or both away from the midpoint of the arc. 
In accordance with [3], if F(s )  exists then there exists a triangular embedding of 
K12s + 8 - K2 into a surface. Now we compute the Euler characteristic of the surface. 
The number of vertices of the graph is :to = 12s + 8, the number of edges is 
1 
:t~ = ~%(~o - 1) - 1. Since each of the faces is tr iangular there will be ~2 = 32:tl faces. 
Therefore, the Euler characteristic E = :to - ~1 + :t2 = - 2s(12s + 9) - 1 is odd, 
thus this surface is nonorientable. 
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We shall construct F(s), s ~> 1. 
Fig. 1 shows F(1) determining a nonorientable triangular embedding of K2o -- K2. 
Solid vertices have clockwise rotations, hollow vertices have counterclockwise rota- 
tions. One easily checks that (C1)-(C8) are verified. 
From this point on the paper is organized as follows. In Section 3 we define the 
subgraph H(s) of F(s), s ~> 2, consisting of all arcs (with the incident vertices) carrying 
currents from do(S). Then we define a cycle for H(s). In the subsequent constructions 
the cycle for H(s) determines the subgraph of F(s) consisting of all arcs (with the 
incident vertices) carrying currents from all(s). In Section 4 it is proved (Theorem 1) 
that given H(s) and a cycle for H(s) we can construct F(s). 
In Theorem 2 we construct H(s) and a cycle for H(s), hence F(s), s >~ 2, exists. 
3. The Subgraphs of F(s) 
Suppose there exists a partitioning ~(s) = U { 71, )'2, )'3 } of the set 
~'(s) = {2,4,6 . . . . .  6s + 2}\{2,4,8, 12} c ~¢o(S), s ~> 2, into such s -  1 triples 
{)'1,) '2,) '3} that either )'1 + )'2 = )'3 or )'1 -]- 72 + 73 = 0. Then ~(s) generates the 
subgraph H(s) of F(s), s ~> 2, in the following way. H(s) consists of the two mutually 
disjoint subgraphs Ho(s) and Hi(s). The graph Hi(s) has exactly 3s + 1 edges, s + 1 
connected subgraphs and is shown in Fig. 2(a) where an orientation and current are 
indicated for the four edges only. The orientations and currents of all 3s - 3 remain- 
ing edges of Hi(s) are given as follows: 
(i) for each triple {)'1,72,) '3} E~i~(S) not  containing 10 if 71 +72 =73 (resp. 
71 + )'2 + )'3 = 0) then there exists the connected subgraph of H1 (s) shown in Fig. 2(b) 
(resp. 2(c)); 
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(ii) for the triple {7~,~2,73} e ¢~(s) containing 10 there exists the connected sub- 
graph of H~ (s) shown in Fig. 2(d) whichever case applies. (Hence, in H1 (s) the current 
10 is directed toward a vertex of valence 1.) 
The graph Ho(s) is obtained from Hi(s) as follows: at first the orientations of all 
arcs of/41 (s) are reversed, next the (obtained) subgraph shown at the left of Fig. 2(e) is 
replaced by the subgraph at the right of the figure. 
As an example, Fig. 3 shows H(4) generated by 
~@(4) = {10, 14, 24} w {16, 18, 20} w {6, 22, 26}. I1) 
By the construction of H(s), the following holds: 
(F1) For each i=  0, 1 the subgraph Hi(s) contains exactly 3s + 1 arcs and the 
currents on the arcs form the set {2,4 . . . . .  6s + 2} c ~'o(S). 
(F2) Each vertex of H(s) has valence 3 or 1, and KCL holds at each vertex of 
valence 3. 
In Figs. 2(a) and (c) one of the vertices of valence 1 is encircled. An onevalent vertex 
of H(s) which is not encircled is referred to as a boundary vertex. If an arc of H(s) with 
the current ,5 is directed toward (resp. away from) a boundary vertex then by the 
current flowino into the boundary vertex is meant 6 (resp. 6- 1 ). By the construction of 
H(s), it follows: 
(F3) In H(s), s/> 2, the pairwise distinct currents flow into the boundary vertices, 
and the set of the currents is 
Lf(s) = S~'o(S)\{2,4, - 10} 
consisting of 6s - 1 elements. 
By a cycle for H(s), s >~ 2, is meant a sequence 
b(O),a(1),b(l),a(2),b(2),a(3) ..... b(6s),a(6s+ 1),b(6s+ 1), (2) 
where b(i)~ ~l(S),  a(i)~ do(S), such that the following holds: 
(MI) 6s -1  elements out of a(1), a(2) . . . . .  a(6s+ 1) form the set 5a(s), 
whereas each of the two remaining elements is a generator of the subgroup (2) 
of Zlzs+6. 
(M2) b( i -  1) + a(i) = b(i) for each i = 1,2 . . . . .  6s + 1. 
(M3) b(0) = b(6s + 1). 
(M4) The elements b(0),b(l) . . . . .  b(6s) are pairwise distinct and form the set 
salt(s)\{ 1, 12s + 5}. 
For later use it will be remembered that a circuit induced by a rotation of a current 
graph has two modes of behaviour, normal (solid line) and alternate (dashed line). In 
normal behaviour, the circuit obeys the rotation given at each vertex and records 
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currents according to the orientation of the arcs. In alternate behaviour the circuit 
acts as if the given vertex rotations and arc orientations are reversed. When the circuit 
passes a broken arc its behaviour switches modes at the midpoint of the arc. This 
alternation of behaviour must be considered in verifying principles (C3) and (C4). 
Notice that all circuits induced by a rotation of a graph without broken arcs have 
normal behaviour throughout. 
A connected subgraph of H(s) having exactly 4 or 6 vertices will be referred to as 
a standard subgraph of H(s). 
We need the following lemma. 
Lemma 1. Let G be a graph without broken arcs, let W be a set consisting of 
three distinct twovalent vertices of G. Let D be a rotation of G inducing exactly 
two circuits T and R, each of which passes all vertices of W. Let G signifies the 
graph obtained from G and a standard subgraph of H(s) by a pairwise identification 
of all (three) boundary vertices of the standard subgraph with all vertices of W. 
Then there exists a rotation D of G inducing exactly two circuits T and R such that 
coincides with T. 
Proof. First we consider the case when the standard subgraph as exactly 4 vertices; 
the nonboundary vertex of the subgraph is denoted by v. Let W= {q,r,u}, where 
R passes the vertices of Win the order: q -~ r -~ u (Fig. 4(a)). Then the desired rotation 
/) coincides with D on V(G)\W (V(G) is the vertex set of G) and is determined on 
Ww {v} as shown in Fig. 4(b). 
As it is easy to see the case when the standard subgraph has exactly 6 vertices 
is obtained from the case discussed above (Fig. 4(b)) as follows: we add a new 
two-valent vertex w on one of the edges (q, v), (r, v), and (u, v), next a new onevalent 
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vertex adjacent to w is added; the rotations of these two new vertices are chosen 
arbitrarily. [] 
4. Constructing F(s) 
Theorem 1. Let there exist ~(s),  s >~ 2, and a cycle for H(s)  generated by ~(s). Then 
F(s) exists. 
Proof. We construct F(s). Let (2) is a cycle for H(s). Construct the 
cycle (it will be referred to as the basic cycle) shown in Fig. 5. Notice that the 
rotation of the basic cycle induces exactly two circuits To and Ro such that 
each arc of the basic cycle is oriented in the direction of To and opposite in 
direction to Ro. 
Next the boundary vertex of H(s) with inward flowing current a is identified with 
the vertex of the basic cycle, which is incident o the arcs with the currents b(i - 1 ) and 
b(i) such that b(i - 1) + a = b(i) (where b( - 1) = b(6s)). Owing to (M1) and (M2), all 
these 6s - 1 identifications for all boundary vertices of H(s) can be done in such 
a manner that the distinct boundary vertices are identified with the distinct vertices of 
the basic cycle. It is clear that KCL  holds at each trivalent vertex obtained by the 
identification. On these identifications, there remain two twovalent vertices on the 
basic cycle; (C6) holds for these two vertices and we label them x and y. When all 
boundary vertices of a connected subgraph of H(s) are pairwise identified with the 
corresponding vertices of the basic cycle it will be said that this subgraph is attached to 
the basic cycle. 
Let F denotes the graph obtained from H(s) and the basic cycle as a result of the 
above-described 6s - 1 pairwise identifications. We define the rotation of F in the 
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following way. The above-described i entifications can be done in the order 
(i) ~ (ii) ~ (iii): 
(i) All standard subgraphs of Ho(s) are attached successively to the 
basic cycle. As a result the graph Fo is obtained. When each successive standard 
subgraph is attached, Lemma 1 holds. Thus there exists the rotation of Fo 
inducing exactly two circuits Ta and Ro (the arcs of Ho(s) are traversed by TI 
twice). 
(ii) All standard subgraphs of H1 (s) are attached successively to the basic cycle. As 
a result the graph Fa is obtained. Analogously, by Lemma 1, there exists the rotation 
of F1 inducing exactly two circuits T1 and RI (the arcs of H~(s) are traversed by Ra 
twice). 
(iii) All nonstandard subgraphs of H(s) are attached as shown in Fig. 6(a) (firstly 
the s ubgraph of Ho(s), then the subgraph of Hi(s)); the rotations of the new vertices 
and the new circuits are indicated in this figure. 
As a result he graph F is obtained having the rotation inducing exactly two circuits 
T2 and R 2. 
Next the broken arcs with currents 1 and 12s + 5 are added as shown in Fig. 6(b). 
As a result the graph F is obtained having the rotation/) inducing exactly two circuits 
T3 and R3 such that 
(N1) The set of arcs of Ho(s) (resp. Ha(s)) is the set of all arcs traversed by 7"3 
(resp. R3) twice. 
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(N2) The arcs of the basic cycle and the arcs with currents 1and 12s + 5 are all arcs 
traversed by the both circuits; each arc of the basic cycle is oriented in the direction of 
T3 and opposite in direction to R3. 
(N3) The broken arcs are the unique arcs where the circuits have alternate 
behaviour. 
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We want to show that f with /3 inducing T 3 and R 3 is F(s). From (F1), (M4), 
(N1)-(N3), it follow (C4) and (C7) where T3 = [0], R3 = [1]. One can easily see 
that, by the construction o f /v  and /3, the remaining construction principles are 
fulfilled. [] 
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Theorem 2. There exists a nonorientable triangular embedding of Kl2s+ s -K2 ,  
s>>.2. 
Proof. By Theorem 1, it suffices to show that there exist ~(s )  and a cycle for 
H(s), s >~ 2. 
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First we show that ~(s),  s >~ 2, exists. The partitioning is given in the 
following graphical form. There are 3s -  1 vertices on the vertical line. These 
vertices are labelled from top to bottom by the elements 2,4 . . . . .  6s -  2 e ~'o(s). 
For each triple {71,72,73} of ~(s)  such that 71 + 72 = 73 there is either a curve 
with label 72 joining the vertices 71 and 73, or a curve with label 73 and one trans- 
verse stroke, joining the vertices h and 72 (see Fig. 7(a)). For each triple 
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{~)1,~)2, ' /3} of ~(s )  such that 7~ + 72 + )'3 = 0 there is a curve with label )'2 and 
two transverse strokes, joining the vertices 71 and 73 (see Fig. 7(b)). Thus we have 
exactly s - 1 curves. 
We display only the part of the vertical line, containing all vertices incident 
to the curves. If the line contains an encircled vertex then either the label of the 
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vertex does not belong to ~(s) or the label of the vertex is the label of a curve. 
As an example, Fig. 7(c) shows ~(4) given by (1). A fragment shown in Fig. 8(a) 
will be pictured (for short) as shown in Fig. 8(b). Bearing in mind this figure one 
can easily check that the graphical representation of P(s) given below provides 
a desired solution. 
Figs. 9 and 10 (resp. Figs. 11 and 12) show ~(s) for s - 0(mod4), s/> 8 (resp. 
s - l (mod4) ,  s >t 5). Figs. 13 and 14 (resp. Figs. 15 and 16) show ~(s) for 
s -- 2(mod4), s/> 2 (resp. s - 3(mod4), s ~> 3). 
Now we show that there exists a cycle for H(s), s>~2. The con- 
structed cycle (2) for H(s) is given in Fig. 17 in the following graphical form. 
There are 6s + 3 vertices on a deformed circle, which are labelled clockwise 
by the elements 1,3,5 .. . . .  12s+5~Al (s ) .  For each i=  1,2 . . . . .  6s+ 1 
there is an oriented chord labelled a(i) and going from the vertex b(i-1) to 
the vertex b(i) (where b(i)= b( i -1)+ a(i) holds). Hence the cycle is repre- 
sented as an oriented closed path consisting of oriented chords. The path 
passes each vertex 3,5 .. . . .  12s + 3 and does not pass the encircled vertices 
1 and 12s+5. 
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To be sure that the construction given in Fig. 17 is proper, one might check that 
(i) there are 6s + 3 labels on the chords of the path, where 6s + 1 labels 
form the set Lie(s); the other two labels are 4 and 8, each generates the subgroup <2> of 
Z12s+6; 
(ii) the sum of the labels on the chords forming the oriented path from the vertex 
12s + 3 to the vertex ¢ is - (6s + 2), hence ¢ = 6s + 1. 
The proof is complete. [] 
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Remark. The above-used technique is the special case of the more general method of 
construction of index 2 current graphs producing triangular embeddings of the graphs 
of the type K2n + m -- Kin, where m can increase indefinitely as n increases. This method 
was proposed by the author [1]. As an example, by applying the method, the author 
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has constructed (see [13) a nonor ientab le  t r iangular  embedd ing  of K12s  + 6 + 2, - K2 , ,  
s/> 2, t = 1, 2 . . . . .  3s - 2, that may be considered as a general izat ion of the result of 
this paper. 
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